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Understanding Molecular Simulation:
Lecture 4: Advanced Methods

Daan Frenkel, U Cambridge

1

I will focus on:
Computer “measurements”

1. What and what not ?

2. How ?

2
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Simulations are used to predict observable 

properties, or to test theoretical predictions 

To this end, we must measure observables 

in simulations. 

Measurements in a computer simulation 

resemble experimental measurements:

3

• We have to prepare a sample,
• We have to decide on the best measuring technique,
• We  have to accumulate enough data,
• and we should analyse the effect of possible systematic 

and statistical errors in our results.

For these reasons, we use the word measurement to 
refer to the calculation of an observable, mainly for lack 
of a better word

4
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It is easy to spend an entire course on 

simulation measurements.

So this lecture will only present a few 

(hopefully important) examples. 

Even so, I will run out of time, but 

please feel free to ask/comment. 

5

Experimental measurements: we look at the 
response of a macroscopic instrument.

Simulation measurements are usually VERY 
different: 

We relate the observable to the coordinates 
and momenta  of the particles that we can 
read out from our simulation.

HOW ?

That is the subject of this lecture.

6
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First the easy ones

Density: number of particles per unit volume

ρ = (N/V)

7

Temperature - how is it defined?

<latexit sha1_base64="2hViZSmbYHXZWznutOD9r6OtxDA="></latexit>

dS = 1
T dE + P

T dV � µ
T dN

<latexit sha1_base64="UMdmOaSd8KfChPJfuYmDqIlQXn4="></latexit>

1
T =

�
@S
@E

�
V,N

Start with thermodynamics 

We now focus on the entropy associated with 
the kinetic energy:

Statistical mechanics:
<latexit sha1_base64="8GEhlW9WK1TPGEBsT+YAJJRkqW4="></latexit>

S = kB ln⌦(E, V,N)
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<latexit sha1_base64="onBwEfcQE/aqGiwdBh6XpABQZlc="></latexit>

⌦(E, V,N) = constant⇥
´
dpN�(E �

P
i p

2
i /2m)

Ω is a hypersphere in momentum space, with radius (2mE)1/2

The volume contained in this hypersphere is  ∼ (2mE)dN/2

and hence its surface area Ω ∼ (2mE)[dN-1]/2

It then follows that 
<latexit sha1_base64="l+wg0bdDoQwG0eyAhVkBsI1FdGA="></latexit>

1/T = kB
⇣

@ ln⌦(E,V,N)
@E

⌘
= kB

(dN�1)/2
E

9

Where f denotes the number of degrees of 
freedom (f = N d – 1), and E is the kinetic 
energy.

In most simulations with periodic boundary conditions, 
both energy and momentum are conserved. Then

f = (N-1) d -1

<latexit sha1_base64="Ivx+YEez0UTzVCcBr+uz/5zCJDI="></latexit>

kBT/2 = E
dN�1 ⌘ E/f

Finally, we get:

10
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But how do we compute the kinetic energy?

That seems a strange question. Surely, we can 
compute

<latexit sha1_base64="KINSPil8z3iuwzVRN3+wHyEitZg="></latexit>

E =
nX

i=1

1

2
mv2i

That expression is correct as the timestep Δt ⇒ 0.

But for a finite timestep, 
<latexit sha1_base64="IQXc2tv9r8RHQjpqC+5pcQB/E1s="></latexit>

1

2
m < v2i > 6= dkBT/2 (d = dimensionality)

11

The reason is very interesting, and I would love to explain it,  
but it would take more time than we can spare

So, I just show an example that shows that the velocity estimate 
of the kinetic energy yields incorrect temperature estimates

The “apparent” 
vibrational  temperature 
inside a protein 
(ubiquitin) is 6K higher 
than that of the solvent !

Eastman et al., J. Chem. 
Theory  Comput. 2010, 6, 
2045 
Gans/Shalloway, PRE 2000, 
61,  614587. 

have many potential causes, and testing for the presence of
this symptom (and similar deviations from equipartition) has
helped to diagnose underlying problems in barostats,5

thermostats6,7 and in approximate treatments of long-range
electrostatic8-10 and dispersive11 interactions and has led to
various methodological improvements.

Here, we investigate how truncation errors arising from
the finite simulation time step δt affect equipartition and the
calculation of temperature. We mainly focus on the widely
used velocity-Verlet integrator,12,13 but the basic theoretical
finding applies to symplectic integrators in general. To help
rule out the well-documented causes of a breakdown of
equipartition noted above,5-11 we initially focus on constant-
energy simulations that are stable (that is, those that show
little long-term energy drift). Fortunately, this is achievable
with currently typical simulation parameters, so the results
are directly relevant in practice. Although not as dramatic
as hot solvent-cold solute problems arising from other
origins, the effects of truncation errors can still be substantial.
In Figure 1, for example, the temperature of a protein and
the surrounding water molecules are shown as a function of
simulation time. The temperature of the protein is seen to
be lower than that of the water by about 6 K.

Such results are widely understood to expose real simula-
tion artifacts originating in the finite integration time step,
but it is unclear whether they reflect any actual temperature
differences or even whether temperature has a precise
definition for δt > 0. In this paper, we show how the
definition of temperature generalizes to δt > 0 and show that,
in examples like the one above, different motions do share
a single temperature. Our reasoning is straightforward. The
velocity-Verlet integrator is symplectic14 and is, thus, thought
to sample positions and momenta almost exactly from a
trajectory generated by a modified Hamiltonian,15 often
called a shadow Hamiltonian. Since particle momenta do
not enter this Hamiltonian quadratically, the equipartition
relation is not applicable. We expect, however, that general-
ized equipartition,1,16 which holds for a broad class of

Hamiltonians, will be applicable to the shadow Hamiltonian.
This implies the existence of a single well-defined simulation
temperature for all motions that is given by the product of
momentum and velocity and that is easily evaluated in practice.

To avoid potential confusion at the outset and to clarify
why estimating temperature from the product of momentum
p and velocity V (a “pV formula”) is distinct from previous
approaches, we emphasize the finding17 that when δt >
0, V * p/m, where m is mass; we also explain more carefully
what we mean here by velocity and momentum. By
momentum, we mean the canonical momentum that enters
the shadow Hamiltonian. This is directly provided by the
integrator. For velocity Verlet, the momentum is simply the
usual on-step velocity-Verlet momentum. By velocity, we
mean the instantaneous rate of change of position on the
underlying trajectory generated by the shadow Hamiltonian.
The integrator directly yields positions (and momenta) but
not their time derivatives, and the velocity cannot be exactly
expressed in terms of a finite number of positions and
momenta. In particular, as noted above, V * p/m, even though
p/m might commonly be called a velocity; for velocity Verlet,
p/m (often called the on-step “velocity-Verlet velocity”)
differs from the velocity by O(δt

2). Thus if only the on-step
velocity-Verlet momenta are used to evaluate temperature
(a “p2 formula,” as used in Figure 1), then temperatures will
also be in error by order δt

2. Nevertheless, it is straightfor-
ward to construct more accurate velocity estimators.18 One
simple approach is a polynomial interpolation over positions
sampled at different times; the velocity estimator appearing
in Beeman’s version of Verlet13 is a well-known special case,
and unsurprisingly it is possible to increase the accuracy
further by interpolating over more positions. Perhaps coun-
terintuitively, however, our pV formula shows that having
obtained an accurate estimate of V, the temperature follows
via the product pV (even though p/m may itself be a poor
estimator of V) and not the square of the accurately estimated
velocity (a “V2 formula”), as appears to be typically
assumed.18,19 Indeed, as will become clearer below, if
temperature is estimated using highly accurate velocities
alone, a hot solvent-cold protein problem, like that shown
in Figure 1, will simply be replaced by a cold solvent-hot
protein problem of similar magnitude.

We test our theoretical conclusions numerically for two
systems. First, we calculate the temperatures of vibrational
and translational motion in a diatomic fluid as a function of
δt. We find that p2 and V2 temperature estimates each yield
substantially different values for the two motions, but the
pV estimator shows that the temperatures of these motions
are in fact identical within a very small statistical error. Thus
although conventional equipartition (by which we mean the
usual, as opposed to generalized, equipartition relation)
breaks down, generalized equipartition holds, and a well-
defined temperature exists. Using analytical estimates, we
confirm that although deviations from conventional equi-
partition do not reflect temperature differences, they do reflect
the real difference between the Hamiltonian and its shadow.
Second, we perform all-atom MD simulations of ubiquitin
in explicit solvent, examining the temperature of the different
quasiharmonic protein motions and comparing the overall

Figure 1. A hot solvent-cold protein problem. Temperatures
of the protein ubiquitin (blue points) and water solvent (red
points) are shown as a function of simulation time. Data were
taken from an all-atom constant energy simulation that used
velocity-Verlet integration with a 2 fs time step and bonds to
hydrogen constrained; more details are given in Section 3.2.
Temperatures were evaluated using the squares of the on-
step velocity-Verlet momenta. The lines denote the average
temperature values over the entire simulation.

2046 J. Chem. Theory Comput., Vol. 6, No. 7, 2010 Eastwood et al.

Tvib
Ttrans
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The reason is (roughly) that, for a discrete 
(Velocity-Verlet) algorithm, 

<latexit sha1_base64="J6oRsZU6Uw+58S2bx3QucMtKFJY="></latexit>

vi 6= pi/m

A much better temperature estimate is obtained if 
we use the relation

<latexit sha1_base64="fUdr1AGV6fSffh7J+kIS4lahdL0="></latexit>

kBT = hpivii

But then vi must be computed by differentiating 
a smooth interpolation of the discretized 
trajectory.

13
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tr
an

s

0                 1                 2                 3                 4                 5               6

1.08

1.04

1.00

0.96

0.92

pv

p2

v2

14



1/17/24

8

Questions/comments/… ?

15

Sampling observable quantities:

Example 2: the radial distribution function g(r)

g(r) = the average density at distance r from a particle, 
divided by the bulk density. In an ideal gas, g(r) = 1

16
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What could be simpler than computing a 

radial distribution function?

g(r)

r

The noise is determined by Poisson statistics.

Just make a histogram of the densities 
as a function of distance

17

Can we do better?

Yes

D. Borgis et al. Mol Phys 111, 3486 (2013)
D. de las Heras & M.  Schmidt, Phys Rev 
Lett 120, 218001 (2018)

18
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We start from:

The derivative of g(r) with respect to r is:

Errata

1. CORRECTION TO TEXT ABOUT EQN.5.1.48 (RADIAL DISTRIBUTION FUNCTION)

1.1. What is the issue ? Fengyu Xi brought it to my attention that there is a sign problem
in some steps in Equation 5.1.48. Below, I correct and expand the derivation of 5.1.48.

1.2. Resolution. The value of the radial distribution function at a distance r from a refer-
ence particle is equal to the angular average of ⇢(r)/⇢:

(5.1.44) g(r) =
1

⇢

Z
dr̂ h⇢(r)iN-1 =

1

⇢

Z
dr̂

*
X

j6=i

�(r - rj)

+

N-1

,

where N is the total number of particles in the system, ⇢ denotes the average number
density (⇢ ⌘ (N/V)) and rj is the distance of particle j from the origin, where particle i
is located (Note: this means that rj is actually rij). r̂ is the unit vector in the direction of
r. For simplicity we have written down the expression for g(r) for a given particle i, and
hence the sum of j 6= i is keeping i fixed, but in practice the expression is averaged over
all equivalent particles i. The angular brackets denote the thermal average

(5.1.45) h· · · iN-1 ⌘
R
drN-1 e-�U(rN)(· · · )R

drN-1 e-�U(rN)
,

where we integrate over N- 1 coordinates, because particle i is held fixed.
We can now write

(5.1.46)
✓
@g(r)

@r

◆
=

1

⇢

@

@r

Z
dr̂

*
X

j6=i

�(r - rj)

+

The only term that depends on r (the length of r) is the �-function. We can therefore write

(5.1.47)
✓
@g(r)

@r

◆
=

1

⇢

Z
dr̂

*
X

j6=i

r̂ ·rr�(r - rj)

+

The following sentence was incorrect: As the argument of the �-function is r - rj, we can
replace r̂ ·rr by -r̂j ·rrj and perform a partial integration. This sentence is wrong, because r̂
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where I have picked a random particle i as 

the origin
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The only term in the integral that depends on r 

is the delta-function

Now we can write:
<latexit sha1_base64="ebD+UUeWGugB/E4Ncwa1E/u8a50="></latexit>⇣
@g(r)
@r

⌘
= 1

⇢

´
dr̂
´
drN�1 e��U(rN ) P

j 6=i r̂·rr�(r�rj)´
drN�1 e��U(rN )

<latexit sha1_base64="dCM0gnw6qidbX6pUsML9fhcngnQ="></latexit>

= �1
⇢

´
dr̂
´
drN�1 e��U(rN ) P

j 6=i r̂·rrj �(r�rj)´
drN�1 e��U(rN )
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<latexit sha1_base64="dTY9i4QWGqxWnF/dIOnWdoAqLt0="></latexit>

= ��
⇢

´
dr̂
´
drN�1 e��U(rN ) P

j 6=i �(r�rj)r̂·rrjU(rN )´
drN�1 e��U(rN )

Next, we perform partial integration with 

respect to rj :

and the result is

<latexit sha1_base64="8qLD4U8S2xv40+0RRPWayOsmNkk="></latexit>⇣
@g(r)
@r

⌘
= �

⇢

´
dr̂

DP
j 6=i �(r� rj)r̂j · Fj(rN )

E

N�1

21

<latexit sha1_base64="6hw0VV/QX+wzOl4r3k+YoFk5ShU="></latexit>

g(r) = g(r = 0) + �
⇢

´ r
0 dr0

´
dr̂0

DP
j 6=i �(r

0 � rj)F
(r)
j (rN )

E

N�1

<latexit sha1_base64="wsMl3IDDpbB7Si7ppzqBgJ0VgJM="></latexit>

= g(r = 0) + �
⇢

P
j

⌧
✓(r � rj)

F (r)
j (rN )

4⇡rj2

�

N�1

<latexit sha1_base64="Bh9F7rts1x3nBJGJyk7R4U69or8="></latexit>

= g(r = 0) + �
⇢

´
r0<r dr

0
⌧P

j 6=i �(r
0�rj)F

(r)
j (rN )

4⇡r02

�

N�1

We can now obtain g(r) by integration:

22
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<latexit sha1_base64="fvtxpLjJ7iZRakfl2nZCvIza/5A="></latexit>

g(r) = g(r = 0) + �
N⇢

PN
i=1

P
j 6=i

⌧
✓(r � rij)

F (r)
j (rN )

4⇡r2ij

�

N�1

<latexit sha1_base64="+iOaQ5EmKkneGfohmZK1ICH+3+s="></latexit>

g(r) = g(r = 0) + �
2N⇢

PN
i=1

P
j 6=i

⌧
✓(r � rij)

F (r)
j (rN )�F (r)

i (rN )

4⇡rij2

�

N�1

But the particle index i was just a dummy 

index, so we can write:

Or, symmetrizing and i and j:

23

Note that g(r) depends not just on the number 

of pairs at distance r, but on all pair distances 

less than r

I have not assumed that the interactions in 

the system are pairwise additive: Fi-Fj is not a 

pair force. 

24
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canonical ensemble. The pair distribution function (or ra-
dial distribution function, RDF) between molecules of type
a and b is defined as

gab(r) = εab

4πr2

〈
Na∑

i=1

N ′
b∑

j=1

δ(r − rij)

〉

, (1)

where εab = (1 − 1
2δab) V

NaNb
, rij = rj − ri , and rij = |rij|.

The prime in the second sum indicates that i = j should
be excluded in the case a = b. This function is generally
computed through histograms with bins of finite width, $r,
replacing the δ-function by 1

$r
h$r (r), where h$r(r) is the

characteristic function equal to 1 between r and r + $r
and 0 otherwise. This statistical estimation is of infinite
variance as $r → 0 since the instantaneous density in each
bead oscillates between 0 and O(1/4πr2$r).

Accounting for the rotational invariance of Equation
(1), the pair distribution can be also expressed as

gab(r) = εab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

δ(r − rij)

〉

, (2)

with ! = r/r . Following the ideas of Assaraf et al. for
electron densities [14,15], use can be made of the Poisson
equality to replace the 3D δ-function

δ(r − rij) = − 1
4π

$ri

1∣∣∣r − rij
∣∣∣
. (3)

Insertion of the Laplacian with respect to either ri or rj in
the canonical average and integration by part yields (after
symmetrisation)

hab(r) = −βεab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

rij − r

|rij − r|3
· 1

2
(Fj − Fi)

〉

,

(4)
where hab = gab − 1.

Using the Gauss theorem for the electric field cre-
ated by a uniformly charged sphere of radius r at the
location rij,

∫
d!

rij − r!

|rij − r!|3
=

rij
r3
ij

H (rij − r), (5)

with H the Heaviside function, we get from Equation (4)

hab(r) = −βεab

4π

〈
Na∑

i=1

N ′
b∑

j=1

1
2

(Fj − Fi) ·
rij
r3
ij

H (rij − r)

〉

.

(6)

This is a key formula of this work. Compared to the standard
histogram procedure, it now involves the force acting on the
particles in addition to their positions. It also implies a quite

Figure 1. Radial distribution function obtained for a single equi-
librated configuration of a Lennard-Jones liquid composed of 864
particles using either the force approach, Equation (6), or the
standard histogram technique, with a grid spacing $r = 0.005σ .
The dashed blue line indicates the converged result after 10,000
simulation steps.

different numerical procedure. Here, for each configuration,
every particle pair contributes to all distances r < rij instead
of just to r = rij. Furthermore, application of the formula
requires a pre-defined grid but does not necessarily imply
the limit of infinitely small grid separation, $r → 0. The
only requirement is that the chosen grid, not necessarily
regular, is adapted to cope with the variations of the pair
distribution at all distances.

The new procedure is illustrated in Figure 1 for the
RDF, g(r), of a pure Lennard-Jones fluid composed of
864 particles at a reduced density ρ∗ = 0.8 and reduced
temperature T ∗ = 1.35, computed by molecular dynamics
simulation. We have displayed the RDF computed from one
single equilibrated configuration using either histograms or
Equation (6) and we compare those ‘instantaneous’ curves
to the converged result after 10,000 time steps. In both ap-
proaches, we used the same regular grid with $r = 0.005σ .
It can be seen that the curve obtained by Equation (6) is al-
ready very smooth and quite close to the final converged
result. The histogram curve does contain the converged one
within its fluctuations but appears very noisy. This is further
illustrated in Figure 2 where we plot the variances

v(r) = 1
T

∑

t

gt (r)2 −
(

1
T

∑

t

gt (r)

)2

(7)

obtained after T = 1000 simulation steps; gt(r) is the ‘instan-
taneous’ pair distribution function measured at step num-
ber t. It can be verified that the variance measured with the
‘force’ approach is indeed much reduced with respect to the
histogram approach and appears independent of the chosen

Free lunch ?

25

More impressive: works for very short ab-initio MD runs

3488 D. Borgis et al.

Figure 2. Variance on the value of the radial distribution function
depicted in Figure 1 after 1000 simulation steps using either the
force approach, Equation (6), or the standard histogram technique,
with a grid spacing !r = 0.01σ (black and blue lines, respectively)
or !r = 0.005σ (cyan and red lines, respectively). The black and
cyan lines appear superimposed, as they should.

Figure 3. Oxygen–oxygen radial distribution function averaged
over 100 configurations extracted from a DFT–MD trajectory with
128 water molecules at ambient liquid conditions. The dashed
blue line indicates the converged result obtained by averaging
over 36,800 configurations.

grid size; the histogram method leads to a variance that is
inversely proportional to !r.

In Figure 3 is displayed the oxygen–oxygen radial dis-
tribution obtained from 100 configurations of a density-
functional-theory molecular dynamics (DFT-MD) simula-
tion of 128 water molecules at ambient thermodynamic
conditions with the Becke-Lee-Yang-Parr functional, after
preliminary equilibration. It can be seen that, even for the
relatively fine grid chosen and with a very limited number
of steps, the ‘force RDF’ is very smooth. It should also be
noted that, even if the agreement with the converged RDF is
already and overall very good after such a short trajectory,
one observes slight discrepancies, in particular in the height
of the first peak. At this stage, the force method is able to

improve the variance of the RDF, but does not correct for
the lack of statistics. Nonetheless, Figure 3 is meant to show
that it is certainly in the field of ab initio studies, where the
generation of the trajectories themselves is computation-
ally very expensive, that the force method described here to
compute the RDFs reveals its full potential, given that the
forces on the nuclei at each time step are readily available
from the simulations.

In order to gain some physical insight into the above
formula, one can write

H (rij − r) =
∫ ∞

r

dr ′δ(r ′ − rij). (8)

Replacing into Equation (6) and inverting integral and
canonical average, we get

ρbhab(r) = −β

∫ ∞

r

dr ′F (r ′) (9)

with the mean force density defined by

F (r) = ρbεab

4πr2

〈
Na∑

i=1

N ′
b∑

j=1

1
2

(Fj − Fi) ·
rij
rij

δ(r − rij)

〉

.

(10)

We are back to a histogram procedure, but for F(r) instead
of gab(r) directly.

Denoting by F̄ (r) the constrained (or conditional) mean
force at a given distance, F̄ (r) = F (r)/ρbgab(r), we get by
differentiation of Equation (9), and division by gab(r),

1
gab(r)

dgab

dr
= F̄ (r) = −β

dwab(r)
dr

, (11)

which is the definition of the potential of mean force (PMF),
gab(r) = exp (−βwab(r)). A fundamental difference of the
present approach with respect to standard PMF calculations
is the use of the force density F(r) instead of the mean
force F̄ (r). Equation (9) is thus reminiscent of the usual
PMF formula but not equivalent to it in practice. Here, the
integration of the force density F(r) yields gab(r) directly
rather than its logarithm, and this quantity is computed in
its integrality during the simulation, rather than step by
step using constraints or restraints on the a − b distance
as in usual PMF calculations. Note also that Equations (6),
(9) and (10) are rigorously equivalent only in the limit of
infinitely small grid size.

We note in passing that after Equation (4), a second
integration by part can be performed, yielding

ρbhab(r) = βεab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

1
2

( (i + (j )
1

|r − rij|

〉

(12)
with (i = βF2

i − !ri
U .

26
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Scattering experiments and the structure factor:

The intensity of the scattered radiation (X-rays, neutrons, 
light …) with wave-vector q=2π/λ is proportional to
I(q) = <|A(q)|2> with:

A(q) ⇠
PN

i=1 bi(q)e
iq·ri

<latexit sha1_base64="0bQPlQJYpPHnHgYj3zMgjPPB3To="></latexit>

If b(q) is constant, we can factor it our and we get 

A(q) ⇠
PN

i=1 e
iq·ri =

´
dr

PN
i=1 �(r� ri)eiq·r

<latexit sha1_base64="5zMU6S1PQzpzXhNP8H6hwDkw0M8="></latexit>

⌘
´
dr⇢(r)eiq·r

<latexit sha1_base64="CaVUmS2T1JjwlK4RWS2Sx40JZmc="></latexit>

27

= 1
N

´
V

´
V dr dr0 [h⇢(r)⇢(r0)i� < ⇢ >2]eiq·(r�r0)

<latexit sha1_base64="cOvRGSCF4Ntn/1zoNlnB2zPMrLI="></latexit>

I(q) ⇠ S(q) = 1
N

⇥
h|⇢(q)|2i � |h⇢(q)i|2

⇤

<latexit sha1_base64="IXSlN+TJjy1TNrM8TvpKUUkxSmQ="></latexit>

In isotropic liquids: h⇢(r)⇢(r0)i ⌘ ⇢2g(|r� r0|)

<latexit sha1_base64="PZrGi46/uCd1PDvLxP5Pc2UDeDQ="></latexit>

S(q) = ⇢
´
V dr [g(r)� 1]eiq·r

<latexit sha1_base64="1WAcT2H/bEf6F+7g/FNHWgu3JbQ="></latexit>

And hence:

That looks great: we can determine the structure 
factor S(q) from g(r)

DON’T

28
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Always use:

S(q) = 1
N

⇥
h|⇢(q)|2i � |h⇢(q)i|2

⇤

<latexit sha1_base64="96HzswieWTFH06M515eh7c2RBak="></latexit>

Why ?

Because truncating g(r) in the Fourier transform  may 
lead to spurious oscillations (even negative values) of 
S(q) – and S(q) is a variance, and hence non-negative.

29

Sampling observable 

quantities:

Pressure

30
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Q(N,V, T ) = 1
⇤3NN !

´
drN exp[��U(rN )]

<latexit sha1_base64="EqlvAuIHHmR8wYmPB42Ja5om25c="></latexit><latexit sha1_base64="cRe7H91S0yoYQJcQE9x675UDhPQ="></latexit><latexit sha1_base64="cRe7H91S0yoYQJcQE9x675UDhPQ="></latexit><latexit sha1_base64="ZzOaC2+FgJ8Au4d5qNs/+FJdQWI="></latexit>

1. Thermodynamic relation:

2. Statistical mechanical relation:

With (for atomic systems):

<latexit sha1_base64="XQjDkrNMrlhYSq4+s1RHoHVQTTg="></latexit>

F = �kBT lnQ(N,V, T )

<latexit sha1_base64="q9RxjdTnXfPHdZB6hMT8wVzWTG8="></latexit>

P = �
�
@F
@V

�
N,T

31

Introduce “scaled” coordinates:

/i i L=s r

32
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Then:

How does the second term depend on V ?

33

<latexit sha1_base64="s7r5QW5sEhf6JDfo02gB0k17QGk="></latexit>

+
�
@U
@V

�
si,N,T
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�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

35

For pairwise additive forces:

Then

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>
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i and j are dummy variable hence:

And we can write

37

But as action equals reaction (Newton’s 3rd law):

And hence

Inserting this in our expression for the pressure, 
we get:

Where

38



1/17/24

20

0.0 0.2 0.4 0.6 0.8 1.0
ρ

0

2

4

6

8

10
P

MC
eos
MD

Equation of state of a Lennard-Jones fluid.

39

What to do if you cannot use the virial

expression?

= �kBT
ln[Q(N,V��V,T )/Q(N,V,T )]

�V
<latexit sha1_base64="LBPZLaPTLcjLrWECoUUMqceY4dc="></latexit><latexit sha1_base64="6n9GLPTmyv1lit9yHenW5JJf+B0="></latexit><latexit sha1_base64="6n9GLPTmyv1lit9yHenW5JJf+B0="></latexit><latexit sha1_base64="18W6BGkzEzWbUij0McYTuWEpqM8="></latexit>

Use: 

�V ! 0
<latexit sha1_base64="q9KyeXpAdxH/zwcm9XIBGJ6v+Vk="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="jDsDlhlUOQQlos6hQ5rjDHUJZ20="></latexit>

�V ! 0
<latexit sha1_base64="q9KyeXpAdxH/zwcm9XIBGJ6v+Vk="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="jDsDlhlUOQQlos6hQ5rjDHUJZ20="></latexit>

<latexit sha1_base64="nbWO/r9s9Tye/iU336pg3aW4xOY="></latexit>

P = �kBT
ln
D
(V ��V

V )Ne���U
E

�V

<latexit sha1_base64="xqHFeQCOGt9zCSNY55cDb5OR5XQ="></latexit>

P = � @F
@V ⇡ F (V��V )�F (V )

�V
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Surface tension:

W

λW

H H/λ

dF = �SdT � PdV + µdN + �dA

<latexit sha1_base64="IiBxctcxL+xr9gkQDEz/YF+1Vmo="></latexit>

�
@F
@A

�
T,V,N

= �

<latexit sha1_base64="Q93OIh10zKAgF5rThFpLpQOTO5o="></latexit>

A = 2S = 2 W t ⇒ 2 λ W tSample with thickness t and width W:
Height H ⇒ H/λ

Volume 
W x H x t
Constant

Surface area 
2 S
changes

41

The calculation is much the same as for the pressure, and 
we obtain:

� = 1
4S

DPN
i=1

P
j 6=i [fij;zzij � fij;xxij ]

E

<latexit sha1_base64="qBETFebqoN9GAU1+ioVCoq8hW38="></latexit>

This expression can be further simplified, but I will not do 
that.

Note: this expression does not work for solid-liquid (or 
solid-solid)  interfaces: 

�
@Fs
@A

�
= � +A

⇣
@�
@A

⌘
⌘ ts

<latexit sha1_base64="jHl55Kvign7FDzX5lcY/IfD48Y4="></latexit>
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Heat capacity from energy fluctuations:

Use the Stat Mech expression for E:
<latexit sha1_base64="mh0R9HUmQGWE14V3ZJtEKNz4ARA="></latexit>

E = �
⇣

@ lnQ

@�

⌘
=
´
dpN

drNH(pN
,rN )e��H´

dpNdrNe��H
= hHi

Then it follows that:
<latexit sha1_base64="lqcDZMlfz5mjPel30FyJCQnBd4A="></latexit>

CV = 1
kBT 2

⇣
@2 lnQ
@�2

⌘
= 1

kBT 2

�
hH2i � hHi2

�

In words: the heat capacity follows from the natural 
fluctuations in the energy

43

However,you can also compute CV directly from

There exist similar “fluctuation expressions” for the 
compressibility, for the elastic moduli of solids, for 
electrical and magnetic susceptibility, and much 
more.

44
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Computing transport coefficients from 
an EQUILIBRIUM simulation.

How?

Use linear response theory (i.e. study decay of 
fluctuations in an equilibrium system)

Linear response theory in 3 slides:

45

Consider the response of an observable A due to 
an external field fB that couples to an observable B:

For simplicity, assume that

For small fB we can linearize:

46
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Hence

We can measure the “susceptibility” of an observable A, 
to an applied field couple to B by measuring the static 
correlation of A and B.

47

Now consider a weak field that is switched off at t=0.

fB

DA

0
t

48
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Using exactly the same reasoning as in the static 
case, we find:

The time-dependent response of A to a field that is 
switched off at t=0, is determined by the time-
correlation function of A and B

49

Simple example: computing the mobility of a particle

B(0) = x(0) =
´ 0
�1 vx(t)dt

<latexit sha1_base64="SQYWkj4Dg+F4ave722Ee/z+x/xo="></latexit>

A(0) = vx(0)

<latexit sha1_base64="ALlikLcgiA19fiuM706p1pnrLSM="></latexit>

< vx(0) >= �fx
´ 0
�1 dt < vx(t)vx(0) >

<latexit sha1_base64="3AmmjWqNX1aOAJMCxTY2xf5SgLI="></latexit>

< vx(0) >= �fx
´ +1
0 dt0 < vx(0)vx(t0) >

<latexit sha1_base64="c19+WhseioXyUNmXYU7R1dGNDNg="></latexit>
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Simple example: computing the mobility of a 
particle

Experiments measure mobility m

<latexit sha1_base64="BhqiuqRwIRfPAdU8C4BoWFvTXCA="></latexit>

< vx >= mfx

<latexit sha1_base64="Rrr0hAHWCpdZbkTXOeIrraOyrx0="></latexit>

Hence:

m = D/kBT = �
´1
0 dt < vx(0)vx(t) >

<latexit sha1_base64="ouCTXRK2hOjXHQwhDD5+2k9/Z2Q="></latexit>

(Einstein relation. [ questions ?])

51

Now the Macroscopic diffusion equations
Fick’s laws:

(conservation law)

(constitutive law)

52
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Combine:

Initial condition:

Solve:

53

Compute mean-squared width:

54
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Integrating the left-hand side by parts:

55

Or:

This is how Perrin measured the diffusion 
coefficient of Brownian particles

56
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57
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(“Green-Kubo relation”)

But we already derived this, using linear 
response theory (with        = D/kBT)m

<latexit sha1_base64="BhqiuqRwIRfPAdU8C4BoWFvTXCA="></latexit>

59

Illustration:102 Chapter 4. Molecular Dynamics Simulations

0.0 0.5 1.0 1.5 2.0
t

0.0

0.2

0.4

0.6

0.8

1.0

∆
r(t

)2

0.0 0.5 1.0 1.5
t

-1.0

0.0

1.0

2.0

3.0

4.0

5.0

<v
(0

).v
(t)

>

Figure 4.6: (left) Mean-squared displacement as a function of the
simulation time . Note that for long times, varies linearly with .
The slope is then given by , where is the dimensionality of the system
and the self-diffusion coefficient. (right) Velocity autocorrelation function
v v as a function of the simulation time .

10-3 10-2 10-1 100 101 102

t

10-5

10-3

10-1

101

103

∆
r(t

)2
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Figure 4.7: Mean-squared displacement as a function of time for the
Lennard-Jones fluid ( , , and ); comparison of
the conventional method with the order- scheme .

time steps between two samples because of lack of memory. With the order-
scheme the calculation could be extended to much longer times with no

difficulty. It is interesting to compare the accuracy of the two schemes. In the
conventional scheme, the velocities of the particles at the current time step
are used to update the mean-squared displacement of all time intervals. In

WARNING: Diffusion coefficients have very large 
finite-size effects, which only decay as 1/N1/3
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Other examples of Green-Kubo relations: 

shear viscosity

61

Other example: thermal conductivity

62



1/17/24

32

Note:

Neither the stress, nor the heat current are 
uniquely defined.

For non-pairwise additive potentials (e.g. in 
ab-initio simulations), this ambiguity becomes 
very important.

63

Other example: electrical conductivity

64
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Measurements are subject to statistical noise.

We need to know how long we must simulate to 
achieved the desired accuracy.

Consider an observable A (e.g. the pressure)

In an MD simulation of length τ, we 
determine a finite-time average:

<latexit sha1_base64="eIhkesYnlofhmHqQ2Bfa1UItJyg="></latexit>

A⌧ = 1
⌧

´ ⌧
0 dt A(t)

We expect: the longer τ the more accurate the estimate. 

65

<latexit sha1_base64="yt6tACBhIZFbptG9VRnEEYaZy3c="></latexit>

�2(A) =
⌦
A2

⌧

↵
� hA⌧ i2

<latexit sha1_base64="DugHb2XacA4uA7wQZcsZlE3X1n4="></latexit>

= 1
⌧2

´ ⌧
0

´ ⌧
0 dtdt0 h[A(t)� hAi] [A(t0)� hAi]i .

<latexit sha1_base64="pnvZnj4XF8Et8iXSkvKDFZdpYa4="></latexit>

⇡ 1
⌧

´1
�1 dt CA(t) ⇡ 2tcA

⌧ CA(0)

The variance in A is: 

where
<latexit sha1_base64="xmF5AAESgFk0xUnjuLf2kRJrIaQ="></latexit>

2tcA ⌘
´1
0 dt CA(t)

CA(0)
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<latexit sha1_base64="I/hXJ4mGYzMwa6xM196Ajm2fmlM="></latexit>

�2(A)
hAi2 ⇡ (2tcA/⌧)

hA2i�hAi2

hAi2

<latexit sha1_base64="exIrNDh94VcRKvKF2HUj/aGmTgk="></latexit>

CA(t)
CA(0)

t

1.0
Area: 

<latexit sha1_base64="860NXO8KrYUI1JCE8fhLuV9UohI="></latexit>

tcA

<latexit sha1_base64="nQ3BE6J6HSst3KogF7A23/M4QPo="></latexit> ⌧
2tcA

: number of independent measurements

67

Errors in transport coefficients

We can compute transport coefficients, using 
Green-Kubo relations of the form:

<latexit sha1_base64="47hn6oaCG+/V0Gf9GVZ2QIXjrn8="></latexit>

LAA = limt!1
´ t
0 dt0 hA(0)A(t0)i

<latexit sha1_base64="HjGXDIEtMCsTxxDFOlEO7Lt2ybw="></latexit>

D = limt!1
´ t
0 dt0 hvx(0)vx(t0)i

For example, the self-diffusion coefficient is given by

For definiteness, we will consider the diffusion.
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In any finite simulation, we compute:
<latexit sha1_base64="+PKJulqAulNq5/99bbG1R/5euv8="></latexit>

D(t) =
´ t
0 dt0 hvx(0)vx(t0)i

It would seem that we get a better estimate of D
by choosing a larger value of t

… but this is not true, because the error in D(t) 
grows with t. 

<latexit sha1_base64="fo9mgNjQLaBJ9E9OmNByvRgPXhs="></latexit>

�2
D(t) =

⌦
D(t)2

↵
� hD(t)i2

How to estimate             ? 
<latexit sha1_base64="1x8kLgtULbWeBRs5O74nR473yYY="></latexit>

�2
D(t)

69

<latexit sha1_base64="hcSm+ALZbE17qYgiio9N7YOhrDw="></latexit>

�2
D(t) =

⌧⇣´ t
0 dt0vx(0)vx(t0)

⌘2
�
�

D´ t
0 dt0vx(0)vx(t0)

E2

<latexit sha1_base64="Yry5a97jdxDOx8Iy+qD5Kq0hWnQ="></latexit>⌧⇣´ t
0 dt0vx(0)vx(t0)

⌘2
�

=
´ t
0 dt0

´ t
0 dt00 hvx(0)vx(t0)vx(0)vx(t00)i

That is easy. But how about:

<latexit sha1_base64="PzanpXZL83JoL5kO3YHNeHqmnQE="></latexit>D´ t
0 dt0vx(0)vx(t0)

E2
⇡ D2

Note that:

We can simplify the quartic term if 
the fluctuations in vx are Gaussian:
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<latexit sha1_base64="HCT/tU6Hk8fvDFSlEgskm9/Wnqo="></latexit>

hvx(0)vx(t0)vx(0)vx(t00)i ⇡

hvx(0)vx(t0)i hvx(0)vx(t00)i+
hvx(0)vx(0)i hvx(t0)vx(t00)i+
hvx(0)vx(t00)i hvx(0)vx(t0)i

<latexit sha1_base64="vYCMyGWPWxMGOya2QId45J052zg="></latexit> ´ t
0 dt0

´ t
0 dt00 hvx(0)vx(t0)vx(0)vx(t00)i ⇡

2D2 +
⌦
v2x(0)

↵
(2Dt)

Then, if velocity fluctuations decay on a timescale τv<< t: 

71

And finally:
<latexit sha1_base64="PpvAEbYf9eeWRCujZ5A4+jTKqWM="></latexit>

�2
D(t) =

⌦
D(t)2

↵
� hD(t)i2 ⇡

2D2 +
⌦
v2x(0)

↵
2Dt�D2

D2 + 2DtkBT
m = D2 + 2D2 t

⌧v

Here τv is the correlation time of the velocity 
auto-correlation functions. 

<latexit sha1_base64="qj28ClKoTU9ldUFQZKAh/G2/KSc="></latexit>

�2
D(t)

D2 = 1 + 2 t
⌧v
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Note that:
<latexit sha1_base64="qj28ClKoTU9ldUFQZKAh/G2/KSc="></latexit>

�2
D(t)

D2 = 1 + 2 t
⌧v

applies to the case where we sample the velocity 
auto-correlation function only once.

In practice, we sample many times. Typically, 
for a run of length trun , we sample trun /"v times.

Then
<latexit sha1_base64="ykuTgFxq4brAyIOoOrHQQQc5ZE4="></latexit>

�2
D(t)

D2 = ⌧v
trun

+ 2 t
trun
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Sketch:

ln t

<latexit sha1_base64="q4bI1LCgn3/1VS7x8s+k1le7usI="></latexit>

ln

✓
�2
D(t)

D2

◆

Noise starts 
to dominate
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Classical simulations is based on the Gibbs 
formulation of Statistical Mechanics (1902), i.e. 
before Quantum Mechanics was developed.

Gibbs never used, nor needed Planck’s constant.

Therefore: Planck’s constant can never appear in any 
observable that is computed classically.

Finally, a general comment

(Question: so how about the de Broglie thermal wavelength Λ ?)

75

Also: the indistinguishability of identical 
quantum particles is irrelevant for classical 
calculations… 

Not even for the factor 1/N! in the partition 
function?

No, not even for that. 

76
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Where does the factor N! come from? 

77

The Gibbs Paradox
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What do the textbooks say?

79

LANDAU & LIFSHITZ
footnote

80
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Van Kampen

81

“Usually, Gibbs’ prose style conveys his meaning in 
a sufficiently clear way…”

“… using no more than twice as many words as 
Poincaré or Einstein would have used to say the 
same thing”

“But occasionally he delivers a sentence with 
a ponderous unintelligibility that seems to 
challenge us to make sense out of it…”

ENTER JAYNES:

82
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“Again, when such gases have been mixed,
there is no more impossibility of the
separation of the two kinds of molecules in
virtue of their ordinary motion in the
gaseous mass without any especial external
influence, than there is of the separation of
a homogeneous gas into the same two parts
into which it has once been divided, after
these have these have once been mixed”

GIBBS’s SENTENCE:

83

N1,V1,T N2,V2,T

Two systems of `identical’ dilute colloidal 
solutions in equilibrium (low-fat milk).
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Zdist(N) = V N

Zcombined(N1, V1, N2, V2) = V N1
1 V N2

2 ⇥ (N1 + N2)!
N1!N2!

Treat as gas of N labeled but otherwise identical particles

Now:  two such systems with N1 and N2 particles. In 
equilibrium, we can distribute the particles over the two 
systems in any way we choose (with fixed N1 and N2).

NOTE: 
1. all particles are different (they just have identical properties 

– e.g. monodisperse colloidal spheres)
2. Zcombined is not extensive. Not even in quantum mechanics. 

ln Z is not 
extensive
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✓
@ lnZc

@N1

◆

N

=
@ lnZ1/N1!

@N1
� @ lnZ2/N2!

@N2
= 0

When the two systems are in equilibrium, the partition function 
is maximal with respect to variations in N1 (dN1=-dN2).

Therefore, as soon as we are computing the chemical 
potential, we MUST include the factor N!, also for labeled 
particles.
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Zc(N1, V1, N2, V2)
(N1 + N2)!

=
Z1

N1!
Z2

N2!

ln
✓

Zc(N1, V1, N2, V2)
(N1 + N2)!

◆
= ln

✓
Z1

N1!

◆
+ ln

✓
Z2

N2!

◆

Conveniently, the partition function of the 
combined system then factorizes

and hence the free energy F = -kT ln (Z/N!) is extensive.
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…and, of course, really indistinguishable 

particles (e.g 4He atoms) can never be 

distinguished, not even in principle. 

Hence, exchanging them also does not lead 

to a different macroscopic state. 
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This was an introductory lecture to Computer 
Measurements.

Many of you probably knew most of it already.

However, I stressed a few points that are not widely 
appreciated:
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• The value of Planck’s constant cannot affect the 
outcome of any observable that is computed 
classically. Hence, the value of thermal de Broglie 
wavelength cannot affect your results. NOTE: if a 
system can undergo chemical reactions, h will be 
important.

• The 1/N! has nothing to do with the quantum 
indistinguishability of particles.

• The use of Ekin = 1/2 mv2 may lead to incorrect 
temperature estimates

• The stress and heat flux are not uniquely defined

90



1/17/24

46

• Green-Kubo integrals: longer integration is not 
necessarily better, and often worse

• The radial distribution function of a system in 
equilibrium can be computed more accurately (and 
without binning) by using an expression based on 
the forces acting on particles.

• It is dangerous to compute the structure factor S(q) 
by Fourier transforming g(r)

• The surface free-energy of a (structured) solid-
liquid interface cannot be computed using the 
difference between the parallel and perpendicular 
components of the stress tensor.

91

92


