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Biomolecules

building block macromolecule

amino acid protein

nucleotide nucleic acids

monosaccharide cellulose, starch

lipid membrane

building blocks macromolecule

H2O

H2O
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Interactions 
in a biomolecular system
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Lennard-Jones particles peptide in water
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Bonded interactions
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d bond distance
deq equilibrium bond distance
kd force constant
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Bonded interactions
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𝜃 bond angle
𝜃eq equilibrium bond angle
k𝜃 force constant
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𝜑 dihedral
𝜑0 equilibrium dihedral
𝜈n force constant
n periodicity
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Non-bonded interactions
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MOLECULAR POTENTIAL ENERGY 

UU
Simple sum
over many
terms

U

r

r
+ -

r
U

r

U
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All Bonds All Angles

All partial charges

All Nonbonded pairs

All Torsion Angles

Hooke 1635

Fourier 1768

Van der Waals 1837

Coulomb 1736
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• List of atoms

• Connectivity

• Interactions (force field)

Topology

[ moleculetype ] 
; molname       nrexcl 
SOL             2 

[ atoms ] 
; id  at type     res nr  res name  at name  cg nr  charge    mass 
  1   OW          1       SOL       OW       1      -0.834    16.00000 
  2   HW          1       SOL       HW1      1       0.417     1.00800 
  3   HW          1       SOL       HW2      1       0.417     1.00800 

[ bonds ] 
; i     j       funct   length  force_constant 
1       2       1       0.09572 502416.0   0.09572        502416.0  
1       3       1       0.09572 502416.0   0.09572        502416.0  
         

[ angles ] 
; i     j       k       funct   angle   force_constant 
2       1       3       1       104.52  628.02      104.52  628.02  

14

1: OW

2: HW1
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r2

Molecular dynamics: 

solve equations of motion

Monte Carlo: 

importance sampling

MD

MC

r1

r2

rn

r1

rn

Sampling
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Molecular dynamics
• assign positions and velocities to particles

• compute forces on all particles

• integrate equations of motion

• measure properties

• stop
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Simulating an alpha-helix
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constant N, p, T



Periodic boundary conditions

When a particle leaves the box on one side, 
it enters the box at the other side. 
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Thermostat

v2 v T

change velocities by
•scaling

Berendsen and Bussi thermostats

•stochastic forces
Andersen thermostat

•adding additional variable that 
modulates the kinetic energy

Nosé-Hoover thermostat
19



Barostat

change volume by
•scaling

Berendsen barostat

•adding additional variable that 
modulates changes in volume

Andersen barostat
20
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2 ns MD simulation 
of an alpha-helix

Root Mean Square Deviation
RMSD

sPN
i (ri � r̂i)2

N

N - number of atoms

i - atom index

r - position

ȓ - reference position
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Long MD simulation



Molecular dynamics

• assign positions and velocities to particles

• compute forces on all particles

• integrate equations of motion

• measure properties

• stop

23

When?

repeat}



Ensemble averages

The ensemble average of a property A is 

For properties that only depend on the configurational part, 
the probability P(𝚪) to find a configuration 𝚪 = {r1, r2, …, rN} is
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with Q the partition function, U the internal energy and β = 1/kBT. 
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Ergodicity theorem
Suppose we have an ensemble average of a system defined by U(Γ) obtained by MC. 

Now suppose we have an NVT molecular dynamics trajectory for the same system. 
A time average over the trajectory is simply:

MC and MD give the same averages!

The ergodicity theorem states that for an ‘ergodic system’, 
the time average is equal to the ensemble average. 

An MD simulation is done when the probability 
distribution no longer changes. 
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Probability histogram
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Free energy profile

RMSD
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Free energy = -ln(Probability) in units of kBT
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Free energy profile
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Free energy = -ln(Probability) in units of kBT
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Free energy profile

Reaction progress
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product statereactant state

transition state

activation free energy 

free energy difference between 
reactant and product states �rG > 0

activation free energy 
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Biomolecular processes 
in this lecture
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Conformational transitions in DNA

Protein-DNA (un)binding

Mohr, van Heesch, Pérez de Alba Ortíz, Vreede, WIREs Molecular Computational Science, in revision



Structure of DNA

31

DNA is a polymer of nucleotides. 

A nucleotide consists of: 
-phosphate
-deoxyribose
-nucleobase

Watson & Crick Nature 1953 v. 171 p. 737
Franklin & Gosling Nature 1953 v. 171 p. 740





Hoogsteen basepairing

Hoogsteen Acta Cryst. 1963
Honig & Rohs Nature 2011

907 

Acta Cryst. (1963). 16, 907 

T h e  Crystal and Molecular Structure of a Hydrogen-Bonded Complex 
Between 1-Methylthymine and 9-Methyladenine* 

BY KA_RST HOOGSTEEN 

Gates and Crellin Laboratories of Chemistry, California Institute of Technology, Pasadena, California, U.S.A. 

(Received 25 September 1962) 

Crystals of a 1:1 hydrogen-bonded complex between 1-methylthymine and 9-methyladenine can be 
grown from an aqueous solution containing equimolecular quantities of the two compounds. The 
crystals are monoclinic, with a--8-304, b = 6.552, c = 12.837 A, and fl--106 ° 50'. The space group is 
P21/m, with two base-pair complexes in the unit cell. The structure was refined with three-dimen- 
sional data  taken with copper radiation. The positional coordinates and anisotropic temperature 
factors of the heavy atoms were obtained by least-squares analyses. The hydrogen atoms, except 
those of two methyl groups, were located from a three-dimensional difference Fourier synthesis. 
The 1-methylthymine and 9-methyladenine molecules form a planar base pair lying in a mirror plane 
and are connected to each other by two nearly linear hydrogen bonds, from the NH 2 group of 
9-methyladenine to 0(9) of 1-methylthymine (2.846 A) and from N(3) of 1-methylthymine to N(7) 
of 9-methyladenine (2.924 A). 

This structure differs from the adenine-thymine pairing proposed by Watson & Crick, where 
N(3) of thymine is hydrogen bonded to N(i)  of adenine. The distance between the methyl group at  
N(1) of 1-methylthymine and the one at  N(9) of 9-methyladenine is 8-645 A, whereas this distance 
is 11.1 /~ in the pairing proposed by Watson & Crick. 

I n t r o d u c t i o n  
As p a r t  of a p rogram of research on the s t ruc ture  of 
nucleic acids, a t t e m p t s  have been made  to grow 
crystals  containing hydrogen-bonded pairs of purine 
and  pyrimidine derivatives.  A pre l iminary  report  on 
the  s t ruc ture  of a 1:1 complex between 1-methyl- 
thymine  and  9-methyladenine (I) has a l ready  been 
given (Hoogsteen, 1959). The manner  in which these 

H(4) / 
• H(3)--N(10') N(I') H(5) 

H(8, 9) ~ / ~ / / .......... C(6') C(2') 
H(7)--C(IO) 0(9) II I 

~ C(5') N(3') 
C (5)--C(4) / ~C(~')  

H(1)--C(6) N(3)--H(2)-.--N(7') I 
/ ~ / N ( 9 ' )  N(1)--C(2) 

/ ~ / C ( 8 ' ) ~  H(10)--C(7) 0(8) H(6) C( i i ' ) - -H( i4 ,  i5) 
I-I( 1 l, i2) / H(13) 

(I) 

two molecules are hydrogen-bonded to each other  
was established with  the  use of hOl and  hll intensities. 
They form a p lanar  base pair  wi th  N(3) of 1-methyl- 
thymine  connected to N(7) of 9-methyladenine,  and 
the C ( 4 ) = O  earbonyl  group of 1-methyl thymine 

* Contribution No. 2888 from the Gates and Crellin 
Laboratories of Chemistry. This investigation was supported, 
in part, by two grants to the California Institute of Tech- 
nology, a grant CVRE 121 from the National Foundation, 
and a grant :No. G-9467 from the :National Science Founda- 
tion. 

hydrogen-bonded to the  amino group of 9-methyl-  
adenine. This paper  describes the  ref inement  of the  
approx imate  s t ruc ture  with  the  use of three-dimen- 
sional da t a  and  discusses the conclusions t h a t  can be 
d rawn  from the geomet ry  of the base pa i r  as i t  occurs 
in the crystals .  

E x p e r i m e n t a l  

Equimolecular  quant i t ies  of 1-methyl thymine  and  
9-methyladenine were dissolved in hot  water .  Slow 
cooling and  subsequent  evapora t ion  of this  solution 
to dryness  a t  room t empera tu re  gave good crystals  
of the  1:1 complex in the  form of well developed 
needles, e longated in the  direction of the  b axis.  
A needle bounded by the forms {100}, {O01}, and  {010}, 
wi th  a cross section of 0.2 ×0.2  ram, was moun ted  
with  the  ro ta t ion  axis paral lel  to the  b axis. This 
crys ta l  was used in the  p repara t ion  of mult iple-fi lm 
equi-inclination Weissenberg photographs  of layers  hO1 
th rough h5l. By cleaving a needle paral le l  to (010), 
a f ragment  wi th  approx imate ly  the same cross section 
as the  first  crystal  was obtained and  mounted  paral lel  
to the  a axis. This crystal  was used to collect the  
intensities of layers  Okl th rough 7kl. Ni-fi l tered C u K a  
radia t ion  was used. The intensities were es t imated  
visually wi th  the aid of a calibration strip. Af ter  
correction for the  Lorentz and  polarizat ion factors,  
the two sets of d a t a  were correlated to the  same 
relat ive scale. In  all, 1361 reflections were measured  
with an  in tens i ty  different f rom zero, of which 856 
were obta ined about  both the a and the  b axes. These 
reflections were used to obtain  an exper imenta l  
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What is the mechanism?

?
WCF HG

Molecular Dynamics: 
5’-GGATTTTTTGGC-3’
3’-CCTAAAAAACCG-5’
AMBER03 force field
TIP3P water + 25 mM NaCl
NpT ensemble, T = 300 K
20868 atoms
gromacs v4.6.1

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019Nikolova et al. Nature 2011
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WCF HG

The transition between WC and HG 
does not occur within 200 ns.

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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Protein-DNA interactions

• Electrostatics
negatively charged phosphate backbone
positive charges on the protein

• Hydrogen bonds
AT has 2 hydrogen bonds, GC 3 hydrogen bonds
Recognition of groove or nucleotide sequence

• Steric considerations
width of major/minor groove
curvature

minor

minor

major

major

A T

G C



high affinity sequence
CGAATATATTGC
GCTTATATAACG

H-NS binding domain (from Salmonella typhimurium)
PDB-code 2L93, Gordon et al. PNAS 2011

91-AARPAKYSYVDENGETKTWTGQGR
TPAVIKKAMEEQGKQLEDFLIKELE-139

Riccardi, et al. PLoS Comput. Biol. 2019
van Heesch, Bolhuis, Vreede, Nucleic Acids Res. 2023

Protein-DNA complex
Molecular dynamics simulation

Once the protein is bound to the DNA, it 
stays bound for the rest of the 𝜇s simulation. 

AMBER14 force field
TIP3P water + 150 mM NaCl
NpT ensemble, T = 300 K
gromacs



All-atom force field molecular dynamics 
of biomolecular systems

numerically

39

The force F is given by the gradient of 
the potential V(r).

Given the potential, one can numerically 
integrate the trajectory of the whole system as 
a function of time.

t t + �t t + 2�t t+ 3�t

From positions, get forces
From forces, get new positions



�t

t t + �t t + 2�t

t + �t t + 2�t

too large

t

�t just fine (2 fs for all-atom force field MD)
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Choosing the time step



Force computations
Assumption: pairwise interactions

1 3 6number of force 
computations

system
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A system of N particles requires N(N-1)/2 force computations. 

N(N-1)/2

N number of atoms



�t = 2 fs = 2 · 10�15 s = 0.000000000000002 s

1 ns = 10�9 s = 0.000000002 s

1 ns = 500.000 steps = 13.00 s ≈ 22 minutes
1 s = 500.000.000.000.000 steps  
      ≈ 42.000 year

A protein-DNA complex in water 
How long does it take to calculate the movements of the 
complex for 1 s?

A time step(     ) takes about 0.0026 seconds = 2.6 ms  
on a supercomputer.

�t
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F (�) = �kBT ln(P (�))
time
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Problem: little sampling except in minima of F(λ)

Computing a free energy profile 
from a molecular dynamics simulation
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F free energy
kB Boltzmann’s constant
T temperature
P probability
𝜆 coordinate describing reaction progress

no
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F (�)



Where we are…

force
 fie

ld 
MD
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And where we want to go!
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force
 fie

ld 
MD
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Bridging the time gap



Biomolecular Simulation
Outline

Part 1: Simulating biomolecular systems

Part 2: Biased sampling

Part 3: Path sampling
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Steered molecular dynamics
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U�(x, t) =
k

2
(s(x)� �(t))2
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�(t) = s0 + vt
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U�(x, t) =
k

2
(s(x)� s0 � vt)2

Pull the protein off the DNA at 
constant velocity

<latexit sha1_base64="YxAQAfr7+OaWiQANZkMvOMeWsrw="></latexit>

F (x, t) = � dU�

ds(x)
= �k(s(x)� s0 � vt)

w0!t =

Z t

0
F (x, t)dt = kv

Z t

0
(s(x)� s0 � vt)dt

Measure the work

Average over several runs

Jarzynski Phys. Rev. Lett.  1997
Park & Schulten J. Chem. Phys. 2007

cmapcom

Measure the force
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hexp(��w)i = exp(���G)

van Heesch, Bolhuis & Vreede Nucleic Acids Res. 2023



Contact map

minor

minor

major

major

A T

G C

Count contacts between 
protein and DNA

sij =
1�

⇣
rij�d0

r0

⌘2

1�
⇣

rij�d0

r0

⌘4

<latexit sha1_base64="0DnA4pWSEEpvOy1biizfSbqMNmo="></latexit>

cprotein�DNA =
X

i2protein

X

j2DNA

sij

Riccardi, van Mastbergen, Navarre, Vreede, PLoS Comput. Biol. 2019
van Heesch, Bolhuis & Vreede Nucleic Acids Res. 2023



high affinity 5’-GCAATATATTGC-3’ 
GC-analogue - 5’-GCGGCGCGCCCG-3’

fr
ee

 e
ne

rg
y

reaction progress
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DNA+ P
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PDNA

minor groove binder
Histone-like nucleoid structuring protein

consensus      5’-AAAAGGGGAAGTGGG-3’ 
inverted       5’-CCCCTTTTCCTGAAA-3’ 
anti-consensus 5’-AAAAAAGGAAGGTGG-3’
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reaction progress
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PDNA

major groove binder
ETS domain from Pu.1 transcription factor

van Heesch, Bolhuis & Vreede Nucleic Acids Res. 2023



<latexit sha1_base64="hJSUGVAB7F5Wv55RB08Jsk6jkqg=">AAACCHicbVDLSgMxFM34rPU16lKQYBFahDIjBV0W3bisYB/QGYZMJtOGJpkhyQhl6M6Nv+LGhYK49RPc+Tem7Sy09cCFwzn3JveeMGVUacf5tlZW19Y3Nktb5e2d3b19++Cwo5JMYtLGCUtkL0SKMCpIW1PNSC+VBPGQkW44upn63QciFU3EvR6nxOdoIGhMMdJGCuyTTjX3JM+9MIZyMqnBc9gJwqrHzBMRqgV2xak7M8Bl4hakAgq0AvvLixKccSI0Zkipvuuk2s+R1BQzMil7mSIpwiM0IH1DBeJE+fnsjgk8M0oE40SaEhrO1N8TOeJKjXloOjnSQ7XoTcX/vH6m4ys/pyLNNBF4/lGcMagTOA0FRlQSrNnYEIQlNbtCPEQSYW2iK5sQ3MWTl0n3ou426q5716g0r4s8SuAYnIIqcMElaIJb0AJtgMEjeAav4M16sl6sd+tj3rpiFTNH4A+szx9ejJgo</latexit>

V (r) + Vb(�)

Biased sampling

Adapted from lecture Daan Frenkel 
Understanding Molecular Simulation course 2014

Straightforward MD Biased sampling
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🌸
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🌸

☺
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😧
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😧

😧 🍻

🐲
�

<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

F (�)
<latexit sha1_base64="zOTwFO1kHuZB2uJ3VKRfWeDfOow=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQZdFQVxWsA9sh5LJZNrQJDMkGaEM/Qs3LhRx69+4829M21lo64HA4Zxzyb0nSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3Uz99hNVmsXywYwT6gs8kCxiBBsrPd5WetyGQ3zWL5XdqjsDWiZeTsqQo9EvffXCmKSCSkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUSC6r9bLbxBJ1aJURRrOyTBs3U3xMZFlqPRWCTApuhXvSm4n9eNzXRlZ8xmaSGSjL/KEo5MjGano9CpigxfGwJJorZXREZYoWJsSUVbQne4snLpFWreufV2v1FuX6d11GAYziBCnhwCXW4gwY0gYCEZ3iFN0c7L8678zGPrjj5zBH8gfP5A5hHkDY=</latexit>

F (�)
<latexit sha1_base64="zOTwFO1kHuZB2uJ3VKRfWeDfOow=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBHqpsxUQZdFQVxWsA9sh5LJZNrQJDMkGaEM/Qs3LhRx69+4829M21lo64HA4Zxzyb0nSDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3Uz99hNVmsXywYwT6gs8kCxiBBsrPd5WetyGQ3zWL5XdqjsDWiZeTsqQo9EvffXCmKSCSkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUSC6r9bLbxBJ1aJURRrOyTBs3U3xMZFlqPRWCTApuhXvSm4n9eNzXRlZ8xmaSGSjL/KEo5MjGano9CpigxfGwJJorZXREZYoWJsSUVbQne4snLpFWreufV2v1FuX6d11GAYziBCnhwCXW4gwY0gYCEZ3iFN0c7L8678zGPrjj5zBH8gfP5A5hHkDY=</latexit>

<latexit sha1_base64="ghSLN168Wd3C8oqvdOB0Cwap9BQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCiIV3+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mEmCfkSHkoecUWOlx1Yl6wUhUdOLfqnsVt05yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fziKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7H0y4AqZERNLKFPc3krYiCrKjA2paEPwll9eJe3Lqleret59rVy/yfMowCmcQQU8uII63EEDmsBAwjO8wpujnRfn3flYtK45+cwJ/IHz+QMx55Bs</latexit>

V (r)

51



F (z) = �kBT ln h�[�(r)� z]i

P (z) = h�[�(r)� z]i

Biasing coordinate

52

A collective variable (CV) is a function λ of the 3N-dimensional 
configuration r. 
λ maps r onto an M-dimensional space z. 
M << 3N

F U
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reaction progress



53Abrams & Bussi Entropy 2014

Biased sampling

interatomic potential, dependent on positions r
bias potential, dependent on r

<latexit sha1_base64="oB1VXvcHVfX7eulIoSK/hwltly0=">AAACC3icbVDLSsNAFJ3UV62vqEs3o0WoCCWRgm6EohuXFWxaaEOYTCft0MmDmRuhhK7d+CtuXCiIW3/AnX/jtA2irQcunDnnXube4yeCK7CsL6OwtLyyulZcL21sbm3vmLt7jopTSVmTxiKWbZ8oJnjEmsBBsHYiGQl9wVr+8Hrit+6ZVDyO7mCUMDck/YgHnBLQkmceOl4GMRAxvnQqWdcPsByfnDqe//PwzLJVtabAi8TOSRnlaHjmZ7cX0zRkEVBBlOrYVgJuRiRwKti41E0VSwgdkj7raBqRkCk3m54yxsda6eEglroiwFP190RGQqVGoa87QwIDNe9NxP+8TgrBhZvxKEmBRXT2UZAKDDGe5IJ7XDIKYqQJoZLrXTEdEEko6PRKOgR7/uRF0jqr2rWqbd/WyvWrPI8iOkBHqIJsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9gfHxDVUdmdI=</latexit>

Vtotal = V (r) + Vb(r)
V (r)

<latexit sha1_base64="oB1VXvcHVfX7eulIoSK/hwltly0=">AAACC3icbVDLSsNAFJ3UV62vqEs3o0WoCCWRgm6EohuXFWxaaEOYTCft0MmDmRuhhK7d+CtuXCiIW3/AnX/jtA2irQcunDnnXube4yeCK7CsL6OwtLyyulZcL21sbm3vmLt7jopTSVmTxiKWbZ8oJnjEmsBBsHYiGQl9wVr+8Hrit+6ZVDyO7mCUMDck/YgHnBLQkmceOl4GMRAxvnQqWdcPsByfnDqe//PwzLJVtabAi8TOSRnlaHjmZ7cX0zRkEVBBlOrYVgJuRiRwKti41E0VSwgdkj7raBqRkCk3m54yxsda6eEglroiwFP190RGQqVGoa87QwIDNe9NxP+8TgrBhZvxKEmBRXT2UZAKDDGe5IJ7XDIKYqQJoZLrXTE dEEko6PRKOgR7/uRF0jqr2rWqbd/WyvWrPI8iOkBHqIJsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9gfHxDVUdmdI=</latexit>

Vtotal = V (r) + Vb(r)



Biased sampling
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Derive statistics on a system with different energetics from the 
energetics used to perform the sampling

z - reaction coordinate space
𝜆 - collective variable

distribution

potential

ensemble averaged on 
interatomic potential V(r)

mulitply by 1

interatomic potential, dependent on positions r
bias potential, dependent on r

V (r)<latexit sha1_base64="oB1VXvcHVfX7eulIoSK/hwltly0=">AAACC3icbVDLSsNAFJ3UV62vqEs3o0WoCCWRgm6EohuXFWxaaEOYTCft0MmDmRuhhK7d+CtuXCiIW3/AnX/jtA2irQcunDnnXube4yeCK7CsL6OwtLyyulZcL21sbm3vmLt7jopTSVmTxiKWbZ8oJnjEmsBBsHYiGQl9wVr+8Hrit+6ZVDyO7mCUMDck/YgHnBLQkmceOl4GMRAxvnQqWdcPsByfnDqe//PwzLJVtabAi8TOSRnlaHjmZ7cX0zRkEVBBlOrYVgJuRiRwKti41E0VSwgdkj7raBqRkCk3m54yxsda6eEglroiwFP190RGQqVGoa87QwIDNe9NxP+8TgrBhZvxKEmBRXT2UZAKDDGe5IJ7XDIKYqQJoZLrXTEdEEko6PRKOgR7/uRF0jqr2rWqbd/WyvWrPI8iOkBHqIJsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9gfHxDVUdmdI=</latexit>

Vtotal = V (r) + Vb(r)<latexit sha1_base64="oB1VXvcHVfX7eulIoSK/hwltly0=">AAACC3icbVDLSsNAFJ3UV62vqEs3o0WoCCWRgm6EohuXFWxaaEOYTCft0MmDmRuhhK7d+CtuXCiIW3/AnX/jtA2irQcunDnnXube4yeCK7CsL6OwtLyyulZcL21sbm3vmLt7jopTSVmTxiKWbZ8oJnjEmsBBsHYiGQl9wVr+8Hrit+6ZVDyO7mCUMDck/YgHnBLQkmceOl4GMRAxvnQqWdcPsByfnDqe//PwzLJVtabAi8TOSRnlaHjmZ7cX0zRkEVBBlOrYVgJuRiRwKti41E0VSwgdkj7raBqRkCk3m54yxsda6eEglroiwFP190RGQqVGoa87QwIDNe9NxP+8TgrBhZvxKEmBRXT2UZAKDDGe5IJ7XDIKYqQJoZLrXTE dEEko6PRKOgR7/uRF0jqr2rWqbd/WyvWrPI8iOkBHqIJsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9gfHxDVUdmdI=</latexit>

Vtotal = V (r) + Vb(r)

<latexit sha1_base64="Y7OfKqG0kTe/pi5o8nBxrLvb9oc="></latexit>

Pb(z) =

R
dr exp(��V (r)) exp(��Vb(r))�(�(r)� z)R

dr exp(��V (r)) exp(��Vb(r))
<latexit sha1_base64="FdYxYzCagZsRoGrkuBYvh+2Sw7Y="></latexit>R
dr exp(��V (r)) exp(��Vb(r))�(�(r)� z)R

dr exp(��V (r))

R
dr exp(��V (r))R

dr exp(��V (r)) exp(��Vb(r))

<latexit sha1_base64="7rS0U/o0ODCD2K2Z57ElRMUebAU="></latexit>

=
hexp(��Vb(r))�(�(r)� z)i

hexp(��Vb(r))i

Abrams & Bussi Entropy 2014
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unbiased statistics

An ergodic MD simulation on Vb can provide the statistics 
of 𝜆 as if generated with the unbiased potential V.

Pb(z) =
hexp(���V (r))�[Q(r)� z]i

exp(���V (r))

bias           is function of the collective variables
<latexit sha1_base64="6+x7gmnHeEr5Z0axhXbNgesmBfU=">AAAB+nicbVBNS8NAFHypX7V+RT16WSxCvZRECnosevFYwdpCE8pms2mXbjZhd1Moof/EiwcF8eov8ea/cZvmoK0DC8PMPN7bCVLOlHacb6uysbm1vVPdre3tHxwe2ccnTyrJJKFdkvBE9gOsKGeCdjXTnPZTSXEccNoLJncLvzelUrFEPOpZSv0YjwSLGMHaSEPb9rgJh7iRe0GE5PxyaNedplMArRO3JHUo0RnaX16YkCymQhOOlRq4Tqr9HEvNCKfzmpcpmmIywSM6MFTgmCo/Ly6fowujhChKpHlCo0L9PZHjWKlZHJhkjPVYrXoL8T9vkOnoxs+ZSDNNBVkuijKOdIIWNaCQSUo0nxmCiWTmVkTGWGKiTVk1U4K7+uV10rtquq2m6z606u3bso8qnME5NMCFa2jDPXSgCwSm8Ayv8Gbl1ov1bn0soxWrnDmFP7A+fwBMZpNA</latexit>

�(r)
<latexit sha1_base64="oB1VXvcHVfX7eulIoSK/hwltly0=">AAACC3icbVDLSsNAFJ3UV62vqEs3o0WoCCWRgm6EohuXFWxaaEOYTCft0MmDmRuhhK7d+CtuXCiIW3/AnX/jtA2irQcunDnnXube4yeCK7CsL6OwtLyyulZcL21sbm3vmLt7jopTSVmTxiKWbZ8oJnjEmsBBsHYiGQl9wVr+8Hrit+6ZVDyO7mCUMDck/YgHnBLQkmceOl4GMRAxvnQqWdcPsByfnDqe//PwzLJVtabAi8TOSRnlaHjmZ7cX0zRkEVBBlOrYVgJuRiRwKti41E0VSwgdkj7raBqRkCk3m54yxsda6eEglroiwFP190RGQqVGoa87QwIDNe9NxP+8TgrBhZvxKEmBRXT2UZAKDDGe5IJ7XDIKYqQJoZLrXTEdEEko6PRKOgR7/uRF0jqr2rWqbd/WyvWrPI8iOkBHqIJsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zh/9gfHxDVUdmdI=</latexit>

Vtotal = V (r) + Vb(r)

<latexit sha1_base64="7rS0U/o0ODCD2K2Z57ElRMUebAU="></latexit>

=
hexp(��Vb(r))�(�(r)� z)i

hexp(��Vb(r))i

<latexit sha1_base64="SYMwcci7ibBMOA/YqlJOAHuDpwk="></latexit>

Pb(z) =
exp(��Vb(z)) h�(�(r)� z)i

hexp(��Vb(�(r)))i
<latexit sha1_base64="tV3wpePwLz8TFVXZua3MbDdNjrA=">AAACJnicbVDLSgMxFM34rPVVdekmWIS6sMxIQRdVim5cVrBW6JSSydxpg5kHyR2hDv0ZN/6KGxcWRNz5KaYPQasHAodzzk1yj5dIodG2P6y5+YXFpeXcSn51bX1js7C1faPjVHFo8FjG6tZjGqSIoIECJdwmCljoSWh6dxcjv3kPSos4usZ+Au2QdSMRCM7QSJ1CtV7KXC+gD4ODU1dCgFXq+iCRlVxpbvHZxFaDA3pIv5OuEt0enuU7haJdtsegf4kzJUUyRb1TGLp+zNMQIuSSad1y7ATbGVMouIRB3k01JIzfsS60DI1YCLqdjbcc0H2j+DSIlTkR0rH6cyJjodb90DPJkGFPz3oj8T+vlWJw0s5ElKQIEZ88FKSSYkxHlVFfKOAo+4YwroT5K+U9phhHU+yoBGd25b+keVR2KmXHuaoUa+fTPnJkl+yREnHIMamRS1InDcLJI3kmr2RoPVkv1pv1PonOWdOZHfIL1ucXDbCjiw==</latexit>

P (z) = h�(�(r)� z)i
<latexit sha1_base64="g1bmmOxSrqxNlr5e5Ws5gXo0zV0="></latexit>

P (z) = Pb(z) exp(�Vb(z)) hexp(��Vb(�(r)))i

Abrams & Bussi Entropy 2014
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The closer the bias potential is to the negative free energy 
the more uniform the sampling of 𝜆 will be. 

�F (z)

Pb(z) =
1

hexp(�F (z)i =
1R

dz exp(��F ) exp(�F )
=

1R
dz

Pb(z) =
1

hexp(�F (z)i =
1R

dz exp(��F ) exp(�F )
=

1R
dz

All states z become equiprobable
Abrams & Bussi Entropy 2014

hexp(�F (z)i =
Z

dzP (z) exp(�F )

if
<latexit sha1_base64="soYLrcGv/XJj10ufnZHpnon0lSY=">AAACFHicbVDLSsNAFL3xWesr6tLNYBFawZJIQTdCURCXFewDmhAm00k7dPJgZiKU0H9w46+4caEgbl2482+ctllo64GBwzn3cOceP+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+8Hritx+okCyO7tUooW6I+xELGMFKS5550vL8ssN1oIfLmeMHSIwrlcvTm0XRM0tW1ZoCLRI7JyXI0fDML6cXkzSkkSIcS9m1rUS5GRaKEU7HRSeVNMFkiPu0q2mEQyrdbHrTGB1rpYeCWOgXKTRVfycyHEo5Cn09GWI1kPPeRPzP66YquHAzFiWpohGZLQpSjlSMJgWhHhOUKD7SBBPB9F8RGWCBidI1FnUJ9vzJi6R9VrVrVdu+q5XqV3kfBTiEIyiDDedQh1toQBMIPMIzvMKb8WS8GO/Gx2x0ycgzB/AHxucPauycaQ==</latexit>

Vb(�(r)) = �F (�(r))

then
<latexit sha1_base64="XqIX8VaKd7jPPUzllxfczzwy968=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahXVhmpKAgQlEQlxXsBTpDyaRn2tDMhSQj1qEP48ZXceNCRQRXvorptEhtPRD4+P9zODm/G3EmlWl+GQuLS8srq5m17PrG5tZ2bme3LsNYUKjRkIei6RIJnAVQU0xxaEYCiO9yaLj9y5HfuAMhWRjcqkEEjk+6AfMYJUpL7dyZDfdRwXZBEVxvu4XEdj38MCwWz1PjaOxcTenVX27n8mbJTAvPgzWBPJpUtZ17tzshjX0IFOVEypZlRspJiFCMchhm7VhCRGifdKGlMSA+SCdJjxziQ610sBcK/QKFU3V6IiG+lAPf1Z0+UT05643E/7xWrLxTJ2FBFCsI6HiRF3OsQjxKDHeYAKr4QAOhgum/YtojglClc83qEKzZk+ehcVyyyiXLuinnKxeTPDJoHx2gArLQCaqga1RFNUTRI3pGr+jNeDJejA/jc9y6YExm9tCfMr5/AKd5or8=</latexit>

exp(�Vb(z)) = exp(��F (z)) = P (z)
<latexit sha1_base64="g1bmmOxSrqxNlr5e5Ws5gXo0zV0="></latexit>

P (z) = Pb(z) exp(�Vb(z)) hexp(��Vb(�(r)))i

Biased sampling



Umbrella sampling

F(𝜆)

𝜆

Harmonic spring keeps the trajectory close to zi

The points zi and the value of k must be 
chosen such that 𝜆(r(t)) makes 
excursions into the window of its 
neighbor.

57

<latexit sha1_base64="Glbc/7LTmopG8BR830npdxc8jzk="></latexit>

Vb(r) =
1

2
k [�(r)� zi]

<latexit sha1_base64="FwMQuxSz0H1BR9O4wPx1wiNw1WQ="></latexit>

P (z) = Pb(z) exp(�Vb(z)) hexp(��Vb(�(r)))i
<latexit sha1_base64="iuI4CYIra2npOqIfaW8lXr3HXfk="></latexit>

Pi(z) = Pb,i(z) exp(
1

2
�k|z� zi|2

⌧
exp(��

1

2
k|�(r)� zi|2)

�
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Molecular dynamics simulation 
of a cat
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Umbrella sampling 
of a cat



http://fiona-naughton.github.io/blog/2016/05/25/What-is-this-MD-thing-anyway 60

Umbrella sampling



http://fiona-naughton.github.io/blog/2016/05/25/What-is-this-MD-thing-anyway 61

Umbrella sampling



WCF HG

62

Umbrella sampling 
of the WCF to HG transition



Umbrella sampling 
of the WCF to HG transition

63

dihedral �

base flipping angle ✓
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       𝜃  

13x24 windows
20 ns per window
>6𝜇s simulation time



Biased sampling

• What is the bias? 

System dependent, should be close to free 
energy profile

• How is the bias applied?

steered MD, umbrella sampling, metadynamics, 
…
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interatomic potential, dependent on positions r
bias potential, dependent on r
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Choosing 
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The closer the bias potential is to the negative free energy, 
the more uniform the sampling of 𝜆 will be. 

Voorspoels, Vreede & Carlon, JCTC 2023
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Metadynamics

Animation by Bernd Ensing
Laio and Parrinello, PNAS (2002) 66



Laio & Parrinello Proc. Natl. Acad. Sci USA 2002

The bias is built as a sum of repulsive 
Gaussian functions, centered on the 
points in collective variable space 
already visited. 

force field bias potential

The bias potential acts on collective 
variables 𝜆, which approximate the 
reaction coordinate. 

Metadynamics
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The bias potential becomes the 
negative free energy when simulated 
long enough. 



Alanine dipeptide in vacuum
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40ps

400ps



Mohr, van Heesch, Pérez de Alba Ortíz, Vreede, WIREs Molecular Computational Science, in revision
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Müller-Brown potential

Müller & Brown Theoretica Chimica Acta 1979
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Setup of a metadynamics 
simulation
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dN-C

t0 = ⌧G, 2⌧G, ...
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No convergence
Instead, distortion and unfolding 
of the DNA fragment
These metadynamics attempts failed...

dihedral �

Metadynamics 
of the WCF to HG transition
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The reaction coordinate 
problem
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No convergence
Instead, distortion and unfolding 
of the DNA fragment
These metadynamics attempts failed...

dihedral �

Diaz Leines & Ensing Phys Rev Lett 2012
Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019

… instead, use the adaptive path collective variable (path cv)
- a function of other collective variables
- bias potential works on the path cv
- adapts during the simulation

path-metadynamics

77

Metadynamics 
of the WCF to HG transition



A
B

Two state system in a CV space

Diaz Leines & Ensing Phys Rev Lett 2012

σ - path in CV space
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Committor probability pB

A

B
x

Probability that a trajectory initiated at x 
(random velocities) ends in state B
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pB(r)=0.5

0.5 < pB(r) < 10 < pB(r) < 0.5

A
B

TS

Iso-committor surfaces

Diaz Leines & Ensing Phys Rev Lett 2012

σ - path in CV space
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pB(r)=0.5

0.5 < pB(r) < 10 < pB(r) < 0.5

A
B

TS

The average transition pathway

Diaz Leines & Ensing Phys Rev Lett 2012 81



B
A

Path metadynamics (i)

Diaz Leines & Ensing Phys Rev Lett 2012

construct a path in CV space by placing nodes
perform metadynamics along the path

82



B
A

determine distance to mean density
move nodes to mean density

Path-metadynamics (ii)

Diaz Leines & Ensing Phys Rev Lett 2012 83



ti representing the discrete time parameter of the evolution
of the path. For the geometrical expression for the projec-
tion of a point z onto the path, we use

!gðzÞ ¼
m

M
$
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p
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& ðv1 % v3Þ & jv3j2
2Mjv3j2

; (5)

which only requires knowledge of vectors involving point
z, the closest path node sm, and its neighboring nodes,
sm&1 and smþ1 [27]. In particular, v1 ¼ sm & hzi, v2 ¼
hzi& sm&1, and v3 ¼ smþ1 & sm. The expression for the
projection [Eq. (5)] requires equidistant nodes, which is
imposed by a reparametrization step [6] after every update
of the nodes. In the Supplemental Material [28], further
details, including a graph of the foliation of z space by
Eq. (5), are provided.

The numerical expression for the evolution of the path
nodes [Eq. (4)] uses the time averaged distance between z
and its projected point on the path sð!ðzÞÞ, weighted by w,
which is only nonzero for the two closest nodes
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j ¼ stij þ

X

k

wk % jstið!ðzkÞÞ& zkj=
X

k

wk;

wk ¼ max
"
0;
#
1&

jstij & stið!ðzkÞÞj
jstij & stijþ1j
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:
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Here, k is the molecular dynamics step number and
tiþ1 & ti is the time interval between two subsequent up-
dates of the path.

Until this point, we only apply a bias along the path,
maintaining a free sampling in the perpendicular directions
and allowing the nodes to move most efficiently toward
the average transition path in the free energy valley.
However, it is trivial to restrain the perpendicular sampling
to a tube using a potential on the distance from the path

jstið!ðzkÞÞ& zkj, which may be important in cases with
ill-defined valleys (see the following). Moreover, in the
limit of an infinitesimally narrow tube, the nodes follow the
gradient of the free energy and we recover the MFEP.
We have applied this path-metadynamics algorithm to

compute the average transition path and the free energy
profile of a conformational transition in the prototypical
alanine dipeptide molecule in vacuum. The left panel of
Fig. 2 shows the well-known alanine dipeptide FES, or
Ramachandran plot, spanned by the two torsion angles, "
and c . The alanine dipeptide has become a standard model
system to illustrate the performance of rare event methods
to sample barrier crossings and compute free energy dif-
ferences and reaction rates [29–32]. Here, we focus on the
transition between the main stable states, denoted C7eq and
C7ax, which has a barrier of about 9 kcal=mol.
A 3 ns path-metadynamics simulation was performed

using the CM3D molecular dynamics program. The pep-
tide was modeled using the CHARMM27 force field and
coupled to a single Nosé-Hoover chain thermostat to
maintain a constant temperature of T ¼ 298 K. Initially,
the metadynamics bias potential parameters [Eq. (2)] were
set to H ¼ 10 K and w ¼ 0:05 (in normalized length units
of ! 2 ½0; 1)), and then scaled by factors 0.5 and 0.8,
respectively, after every barrier recrossing to converge
the free energy profile. Using instead the well-tempered
metadynamics approach [33] to converge the free energy
did not change the final results. The initial guess path was
parametrized by 20 nodes using a linear interpolation
between two fixed nodes centered at the two minima
C7eq and C7ax, and flanked at each end by 20 nodes

(i.e., 60 nodes in total). Repulsive harmonic potentials on
the path at ! ¼ &0:2 and ! ¼ 1:2 confined the sampling
to the transition in between. The time interval for the
evolution of the nodes was !t ¼ 0:5 ps, while the bias
potential was incremented every 0.05–0.5 ps, depending on

FIG. 2 (color online). Left: time evolution of a transition path, sgð!Þg, that started from a straight path between C7eq and C7ax,
shown on a background of the alanine dipeptide ð"; c Þ landscape {previously computed using (normal) metadynamics [21]}. Middle:
evolution of the free energy profile along the path-collective variable !gðzÞ. Right: probability distribution along three hyperplanes,
also indicated in the left panel, illustrating the poorly bound reaction valley at B.
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Path-metadynamics of 
alanine dipeptide in vacuum

Diaz Leines & Ensing Phys Rev Lett 2012

path in cv space

free energy along the path

ti representing the discrete time parameter of the evolution
of the path. For the geometrical expression for the projec-
tion of a point z onto the path, we use
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z, the closest path node sm, and its neighboring nodes,
sm&1 and smþ1 [27]. In particular, v1 ¼ sm & hzi, v2 ¼
hzi& sm&1, and v3 ¼ smþ1 & sm. The expression for the
projection [Eq. (5)] requires equidistant nodes, which is
imposed by a reparametrization step [6] after every update
of the nodes. In the Supplemental Material [28], further
details, including a graph of the foliation of z space by
Eq. (5), are provided.

The numerical expression for the evolution of the path
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Here, k is the molecular dynamics step number and
tiþ1 & ti is the time interval between two subsequent up-
dates of the path.

Until this point, we only apply a bias along the path,
maintaining a free sampling in the perpendicular directions
and allowing the nodes to move most efficiently toward
the average transition path in the free energy valley.
However, it is trivial to restrain the perpendicular sampling
to a tube using a potential on the distance from the path

jstið!ðzkÞÞ& zkj, which may be important in cases with
ill-defined valleys (see the following). Moreover, in the
limit of an infinitesimally narrow tube, the nodes follow the
gradient of the free energy and we recover the MFEP.
We have applied this path-metadynamics algorithm to

compute the average transition path and the free energy
profile of a conformational transition in the prototypical
alanine dipeptide molecule in vacuum. The left panel of
Fig. 2 shows the well-known alanine dipeptide FES, or
Ramachandran plot, spanned by the two torsion angles, "
and c . The alanine dipeptide has become a standard model
system to illustrate the performance of rare event methods
to sample barrier crossings and compute free energy dif-
ferences and reaction rates [29–32]. Here, we focus on the
transition between the main stable states, denoted C7eq and
C7ax, which has a barrier of about 9 kcal=mol.
A 3 ns path-metadynamics simulation was performed

using the CM3D molecular dynamics program. The pep-
tide was modeled using the CHARMM27 force field and
coupled to a single Nosé-Hoover chain thermostat to
maintain a constant temperature of T ¼ 298 K. Initially,
the metadynamics bias potential parameters [Eq. (2)] were
set to H ¼ 10 K and w ¼ 0:05 (in normalized length units
of ! 2 ½0; 1)), and then scaled by factors 0.5 and 0.8,
respectively, after every barrier recrossing to converge
the free energy profile. Using instead the well-tempered
metadynamics approach [33] to converge the free energy
did not change the final results. The initial guess path was
parametrized by 20 nodes using a linear interpolation
between two fixed nodes centered at the two minima
C7eq and C7ax, and flanked at each end by 20 nodes

(i.e., 60 nodes in total). Repulsive harmonic potentials on
the path at ! ¼ &0:2 and ! ¼ 1:2 confined the sampling
to the transition in between. The time interval for the
evolution of the nodes was !t ¼ 0:5 ps, while the bias
potential was incremented every 0.05–0.5 ps, depending on

FIG. 2 (color online). Left: time evolution of a transition path, sgð!Þg, that started from a straight path between C7eq and C7ax,
shown on a background of the alanine dipeptide ð"; c Þ landscape {previously computed using (normal) metadynamics [21]}. Middle:
evolution of the free energy profile along the path-collective variable !gðzÞ. Right: probability distribution along three hyperplanes,
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↵
WCF HG

Back to DNA baserolling

Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019 85



Biasing DNA baserolling
defining CVs

Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019

Path-metadynamics with 7 CVs including H-bonding, rolling, 
base opening and breathing.

86

distances: 
dWC, dHG, dHB, dCC, dNB

base rolling angle

base opening angle



Two mechanisms

Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019

Path-metadynamics with 7 
CVs including H-bonding, 
rolling, flipping, breathing...

outside

inside

87



Free energy profiles

• Path-metadynamics with 7 CVs 
including H-bonding, rolling, 
flipping, breathing.

• No clear preference for inside 
or outside

Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019

• Lessons in path-metadynamics:

• Difficulty in capturing one out of 
several competing mechanisms

• Entropic penalty due to the tube 
potential acting in unnecessary CVs

88



Multi-path-metadynamics:
sample multiple reaction channels simultaneously

aHG

r r

r rW

C

F

W

C

F

base rolling

ba
se

 fl
ip

pi
ng

Multiple walkers explore each of the two cyclic paths.
Special walkers (repellers) keep the paths separated.

Pérez de Alba Ortíz, Vreede & Ensing, PLoS Comput. Biol. 2022 89



DNA base rolling with PMD

3'5'

The paths diverge after 2 ns.
Sampling continues until 10 ns.

90Pérez de Alba Ortíz, Vreede & Ensing, PLoS Comput. Biol. 2022



WCFHGWCF

DNA baserolling 
with path-metadynamics

Free energy difference between WCF and HG close to experimental value. 
Outside path has lower barriers. 

inside
outside

Pérez de Alba Ortíz, Vreede & Ensing, Methods in Molecular Biology 2019
Pérez de Alba Ortíz, Vreede & Ensing, PLoS Comput. Biol. 2022 91
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Müller-Brown potential
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Biomolecular Simulation
Outline

Part 1: Simulating biomolecular systems

Part 2: Biased sampling

Part 3: Path sampling
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Separation of time scales: 
fundamental time scale vs. frequency of event

Slide by David Swenson
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Path sampling

Monte Carlo in path space
Focus on the transition regions

Slide by David Swenson
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Sampling rare events: 
transition path sampling

Dellago, Bolhuis, Geissler Adv Chem Phys 2002
Juraszek & Bolhuis Proc Natl Acad Sci USA 2006

Result: ensemble of transition paths
• mechanism 
• relevant reaction coordinates

Input
• initial reactive path
• definitions of stable states

Algorithm
• one way shooting
• flexible path length
• stochastic integrator
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Transition Path

x0

A path (MD trajectory) is 
a sequence of discrete 
time snapshots

P[x] = ⇢(x0)
L�1Y

i=0

P (xi ! xi+1)/Z(L)

normalization constant 
(partition function)

Path probability:

Z(L) =

Z
Dx P[x(L)]Z(L)
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Transition Path

x0

A path (MD trajectory) is 
a sequence of discrete 
time snapshots

P[x] = ⇢(x0)
L�1Y

i=0

P (xi ! xi+1)/Z(L)

normalization constant 
(partition function)

Path probability:

Z(L) =

Z
Dx P[x(L)]Z(L)

⇢(x0)         comes from the 
thermodynamic ensemble 
(NVT, NVE, …)

100

<latexit sha1_base64="/RiyLR6aQPI5LOQMcDhFwZ53/Co=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiojGB5Ah7m71kyd7esTsnhiM/wcZCQWz9Q3b+GzfJFZr4YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+wYOJU814k8Uy1u2AGi6F4k0UKHk70ZxGgeStYHQ19VuPXBsRq3scJ9yP6ECJUDCKVrp76t30yhW36s5AlomXkwrkaPTKX91+zNKIK2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesVTRiBs/m506ISdW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwws+ESlLkis0XhakkGJPp36QvNGcox5ZQpoW9lbAh1ZShTadkQ/AWX14mrbOqV6t63m2tUr/M8yjCERzDKXhwDnW4hgY0gcEAnuEV3hzpvDjvzse8teDkM4fwB87nD8tajfQ=</latexit>xL



Transition Path

x0

A path (MD trajectory) is 
a sequence of discrete 
time snapshots

P[x] = ⇢(x0)
L�1Y

i=0

P (xi ! xi+1)/Z(L)

normalization constant 
(partition function)

Path probability:

Z(L) =

Z
Dx P[x(L)]Z(L)
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                      comes from 
the molecular dynamics 
algorithm (integrator)

P (xi ! xi+1)



Detailed Balance (Paths)

P[x(o)] ⇡
⇣
x(o) ! x(n)

⌘
= P[x(n)] ⇡

⇣
x(n) ! x(o)

⌘

⇡
⇣
x(o) ! x(n)

⌘
= Pgen

⇣
x(o) ! x(n)

⌘
Pacc

⇣
x(o) ! x(n)

⌘

prob. of 
old state

prob of moving  
old ➝ new

prob. of 
new state

prob of moving  
new ➝ old

transition probability generation probability acceptance probability

Pacc(x
(o) ! x(n)) = min

 
1,

P[x(n)]Pgen

�
x(n) ! x(o)

�

P[x(o)]Pgen

�
x(o) ! x(n)

�
!

Slide by David Swenson
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Transition Path

hA(x) =

(
1 if x 2 A

0 if x /2 A

How do we focus on the transition region?
Indicator 
Function

Note: hA(x) + hB(x) 6= 1 !

A

Bx0

PAB [x(L)] = hA(x0)hB(xL)P[x(L)]/ZAB(L)
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x0

Change the path
hA(x) =

(
1 if x 2 A

0 if x /2 A

A B

1. Select a point to “shoot” from (frame τ) 
2. Modify the velocities at that point 
3. Run forward (from τ to T) and backward 

(from τ to 0)
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P shoot
gen

⇣
x(o) ! x(n)

⌘
= Psel(x

(o)
⌧ ;x(o))Pmod(x

(o)
⌧ ! x(n)

⌧ )Pfwd(x
(n)
⌧ ...L)Pbkwd(x

(n)
0...⌧ )



Shooting Algorithm: Detailed Balance

select shooting point

modify it (symmetric!)

make forward segment

make backward segment

P shoot
gen

⇣
x(o) ! x(n)

⌘
= Psel(x

(o)
⌧ ;x(o))Pmod(x

(o)
⌧ ! x(n)

⌧ )Pfwd(x
(n)
⌧ ...L)Pbkwd(x

(n)
0...⌧ )

Psel(x
(o)
⌧ ;x(o)) = 1/(L(o) � 1)

Pmod(x
(o)
⌧ ! x(n)

⌧ ) = Pmod(x
(n)
⌧ ! x(o)

⌧ )

Pfwd(x
(n)
⌧ ...L) =

L�1Y

i=⌧

P (xi ! xi+1)

Pbkwd(x
(n)
0...⌧ ) =

⌧Y

t=1

P̄ (xi ! xi�1)

Slide by David Swenson
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Shooting Move Acceptance

P shoot
gen

�
x(n) ! x(o)

�

P shoot
gen

�
x(o) ! x(n)

� =
Psel(x

(n)
⌧ ;x(n))

Psel(x
(o)
⌧ ;x(o))

Pmod(x
(n)
⌧ ! x(o)

⌧ )

Pmod(x
(o)
⌧ ! x(n)

⌧ )

Pfwd(x
(o)
⌧ ...L)Pbkwd(x

(o)
0...⌧ )

Pfwd(x
(n)
⌧ ...L)Pbkwd(x

(n)
0...⌧ )

Pacc(x
(o) ! x(n)) = min

 
1,

PAB

�
x(n)

�
P shoot
gen

�
x(n) ! x(o)

�

PAB

�
x(o)

�
P shoot
gen

�
x(o) ! x(n)

�
!

Assumptions:  

• symmetric, distribution-preserving modification of the shooting point 

• reversible (and distribution-preserving) dynamics 

• fixed number of frames in each trajectory, equal probability of selecting any as a shooting point

Pacc(x
(o) ! x(n)) = hA

⇣
x(n)
0

⌘
hB

⇣
x(n)
L

⌘
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x0

Transition Path Sampling

1. Select a point to “shoot” from (frame τ) 
2. Modify the velocities at that point 
3. Run forward (from τ to T) and backward 

(from τ to 0) 
4. Accept/reject

hA(x) =

(
1 if x 2 A

0 if x /2 A

A B
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Pacc(x
(o) ! x(n)) = hA

⇣
x(n)
0

⌘
hB

⇣
x(n)
L

⌘



What if the modification didn't matter?

A

BVelocity is randomized after  
~1ps in biomolecules. 
Start with a shooting point at  
the transition state. 
Prob. forward path hits B: 50% 
Prob. backward path hits A: 50% 
Best acceptance: 25%. Can we do better?

If we only run one direction, we don’t have a physical path … 
… unless we use a stochastic integrator!

A

B

A

B

A

B
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Stochastic (One-Way) Shooting

1. Select shooting point 
2. Randomly decide to shoot 

either forward or backward 
3. The new trajectory has some 

frames from the old trajectory

No modification of the selected snapshot!
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Flexible-Length Shooting
The time spent in the barrier region has a wide variance. The average time 
can be 1/5 as long as the time of the longest 1% of trajectories. If you always 
have to go to the longest time, you end up doing 5 times as much work. 

Let's design a shooting move that stops as soon as it enters the state. 
Accepted paths will have one frame in each state (first frame and last frame), 
and no other frames will be in any state. The path length will be allowed to 
vary.

Psel(x⌧ ;x
(o)(L(o))) = 1/(L(o) � 1)

Psel(x⌧ ;x(n)(L(n)))

Psel(x⌧ ;x(o)(L(o)))
=

1/(L(n) � 1)

1/(L(o) � 1)
=

L(o) � 1

L(n) � 1

Pacc(x
(o) ! x(n)) = hA(x

(n)
0 )hB(x

(n)
L )min

✓
1,

L(o) � 1

L(n) � 1

◆
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Transition Path Sampling optimised for 
biomolecular systems

1. Select a point to “shoot” from
2. Randomly decide to shoot forward or backward
3. Run molecular dynamics with stochastic integrator 

until reaching the state, or reaching maximum 
length

4. Trial path consists of old and new frames
5. Decide

a. accept if trial path connects both states
b. reject if trial path does not connect both states

WCF

HG

initial trajectory
accepted path
rejected path
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Sampling rare events: 
transition path sampling

Dellago, Bolhuis, Geissler Adv Chem Phys 2002
Juraszek & Bolhuis Proc Natl Acad Sci USA 2006

Algorithm
• one way shooting
• flexible path length
• stochastic integrator

Result: ensemble of transition paths
• mechanism 
• relevant reaction coordinates

Input
• initial reactive path
• definitions of stable states
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Path Trees and Transition Region

Path tree is a check of good 
behavior in simulation: 

• Both forward and backward 
shots accepted with similar 
frequency 

• See decorrelated paths: those 
with no frames in common

Least-changed path: Stays near top of barrier; 
Approximation of transition state ensemble
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Sampling rare events: 
transition path sampling

Dellago, Bolhuis, Geissler Adv Chem Phys 2002
Juraszek & Bolhuis Proc Natl Acad Sci USA 2006

Input
• initial reactive path
• definitions of stable states

Algorithm
• one way shooting
• flexible path length
• stochastic integrator

Result: ensemble of transition paths
• mechanism 
• relevant reaction coordinates
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Take something that you can measure (distance, 
dihedral angle) and say it has to be within some 
range of values. 

Examples: 

• Hydrogen bond formed (ddonor-acceptor < 3.5 Å) 

• Specific value of (several) dihedral angles 

What makes a good definition?

How do we define states?
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How do we define states?

basin A

basin B

A B

basin A

basin B

A

B

basin A

A B

basin B

A B

basin A

basin B

a) b)

d)c)
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↵
WCF HG

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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Sampling rare events: 
transition path sampling

Dellago, Bolhuis, Geissler Adv Chem Phys 2002
Juraszek & Bolhuis Proc Natl Acad Sci USA 2006

Result: ensemble of transition paths
• mechanism 
• relevant reaction coordinates

Input
• initial reactive path
• definitions of stable states

Algorithm
• one way shooting
• flexible path length
• stochastic integrator
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Generate reactive trajectories 
using transition path sampling

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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insideoutside

Two types of transitions

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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inside

outside

Two reaction channels: inside 
and outside

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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Nwater
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Calculate the rate

A

B

Slide design by David Swenson
van Erp et al. J. Chem. Phys 2003

The rate from A to B is equal to
the number of transitions per time unit 
divided by the time spent in state A
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Transition Interface Sampling: 
calculating the rate with interfaces

λ0
λ1
λ2
λ3
λ4

B

kAB = �A,0P (�1|�0)P (�2|�1)kAB = �A,0P (B|�m)
m�1Y

i=0

P (�i+1|�i)

Slide design by David Swenson
van Erp et al. J. Chem. Phys 2003 123
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Interfaces

� = arctan(dWC , dHG)
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Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019

forward 
WC ➜ HG

backward 
HG ➜ WC
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Crossing probabilities

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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Crossing probabilities

Vreede, Pérez de Alba Ortíz, Bolhuis & Swenson, NAR 2019
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Rates

↵

at 26.0oC

expt* TIS**

kWC→HG (s-1) 14.2 ± 1.03 742

kHG→WC  (s-1) 3670 ± 200 1.6∙105

ΔG (kBT) 5.5 5.4

at 300K

WCF HG

*Nikolova, Kim, Wise, O’Brien,  Andricioaei and Al-Hashimi
Nature 2011 v. 470, p. 498 �G = � ln

kWC!HG

kHG!WC**Vreede, Ortiz de Alba Perez, Bolhuis & Swenson, NAR 2019

TIS: 
one-way shooting
flexible path length
500 accepted paths per interface
13 interfaces
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Ambient conditions

• temperature

• pressure

⌧
1

2
mv2

�
=

3

2
kBT
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p = ⇢kBT +
1

V

*
X

i<j

F (rij) · rij

+

m mass
v velocity
kB Boltzmann’s constant
T temperature
p pressure
𝜌 density
V volume
F force
r distance between i and j


